Abstract-A generalization of the important Strang-Fix bound in the domain of 2 interpolation and quasi-interpolation is presented. The results presented are obtained by straightforward and well-known operator and algebra norm techniques.
I. INTRODUCTION

I
NTERPOLATION is one of the basic operations in signal processing. A well-known example is the cardinal series representation of band-limited functions with the sinc kernel [1] . The concept of quasi-interpolation was introduced by Strang and Fix [2] as a theoretical tool for deriving error bounds for the approximation of functions using a general convolution-based interpolation method. Specifically, these authors derived an important error bound for the interpolation of smooth -functions. The Strang-Fix error bound was further studied and refined in [3] - [5] . Although explicit bounds were derived in [4] , the mathematical techniques utilized to obtain them were rather lengthy and not prone to generalization. In this letter, we obtain a generalization of the Strang-Fix bound by rather simple and well-known operator and algebra norm techniques. The key part is played by Vidav's theorem [6] , which relates the spectral and numerical radii of Hermitian operators.
II. ALGEBRA NORMS AND GREEN'S OPERATORS
Consider the normed linear space of complex-valued functions over the real line with vector norm . An algebra norm [7] (we use the same notation since in general, there can be no confusion) of a linear operator from to satisfies the usual norm requirements, together with the multiplicative condition . If , where is the identity operator, the algebra norm is called unital. For instance, the algebra norm induced by the vector norm (1) is unital. The spectral radius of is defined as (2) Manuscript received December 15, 1999. The associate editor coordinating the review of this manuscript and approving it for publication was Prof. S. Reeves.
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In definition (2), Sp is the spectrum of , and is an arbitrary unital algebra norm. The null space of denoted , is defined as
We suppose that admits a right-inverse , also called the Green's operator [8] 
Hence, must imply , and the proof is complete.
When working in a Hilbert space with scalar product , the numerical radius of an operator [9] is defined as (7) Hence, the induced algebra norm in Hilbert space is (8) where represents the adjoint operator. This leads to the following.
Proposition 2:
, where is an arbitrary unital algebra norm.
Proof: We have . Since is selfadjoint or Hermitian, we have by Vidav's theorem [6] , [9] : (9) It should be noted that a matrix analog of Proposition 2 can be found in [10] .
III. STRANG-FIX CONDITION
In this section, we work in the usual Hilbert space with scalar product and norm . Consider the convolution operator (10) 1070-9908/00$10.00 © 2000 IEEE and the interpolation error operator (11) where is an interpolational kernel, and is the interpolation step. By means of the Fourier transform (12) the operators and admit the Fourier domain representations and , defined as
The convolution operator transforms to the multiplication operator (14) and likewise the Green's operator becomes 
(19) Proof: The scaled Fourier transform being an isometry in , it is easy to show that . Proposition 1 says that the bound holds, provided . To find an upper bound for , we utilize Proposition 2, applied to the unital algebra norm [11] (20)
where is the integral kernel of . The integral kernel of is (21) The theorem then follows as a consequence of Proposition 2, with the norm in the r. [5] .
Note that a necessary condition for all is that
Of course, we also need . This is the case when the auxiliary condition (25) is satisfied. When condition (25) holds, we have that , where is the Riemann zeta function. For , the condition (25) holds for the linear interpolational kernel . This follows from the fact that [12] (26)
It should be noted that the bound (17) is valid for more general operators than . For example, it could readily be applied to the Helmholtz operator , which is of importance in electromagnetic scattering problems.
